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Statistical Analysis

Chapter 8 : Fundamental Sampling Distributions
and Data Descriptions

Chapter 9 : One- and Two-Sample Estimation
Problems (Mean and Variance)

Chapter 10 : One- and Two-Sample Tests of
Hypotheses (Mean and Variance)

Chapter 11 : Simple Linear Regression and
Correlation



Agenda

> Review

»Standard Normal Distribution

»Sampling Distributions and Data Descriptions




Review




Important Definitions

Sample Space : The set of all possible outcomes of
a statistical experiment is called the sample space
and is represented by the symbol S.

Event : An event is a subset of a sample space.

The probability of an event A : is the sum of the
weights of all sample points in A. Therefore,

0<P(A)<1, P(p)=0, and P(S) = 1.



Random Variable

A random variable : is a function that associates a
real number with each element in the sample
space.

S={NNN,NND ,NDN,DNN,NDD,DND,DDN,DDD}
the number of defectives that occur
0,123



Probability Function

The set of ordered pairs (x, f(2)) is a probability function. probability mass
function. or probability distribution of the discrete random variable X if, for
each possible outcome z,

L. f(z) >0,

2. Y fla) =1,

The function f(x) is a probability density function (pdf) for the continuous
random variable X, defined over the set of real numbers, if

L. f(x) >0, for all 2 € R.
2. ff; flx) dx = 1.

3. Pla< X <b)= [ f(x) d.




Joint Probability
Distributions

The function f(x,y) is a joint probability distribution or probability mass
function of the discrete random variables X and Y if

1. f(z,y) >0 for all (x,y),
2. 22 flayy) =1,
Ty

3. PIX =2 =y)= f(z,y).
For any region A in the xy plane, P[(X,Y) € Al =>>" f(x,y).
A

The function f(z,y) is a joint density function of the continuous random
variables X and Y if

1. f(x,y) =0, for all (z,y),

2. [T [T f(ay) de dy =1,

3. P[(X,Y)e Al = [ [, f(z,y) dx dy, for any region A in the 2y plane.

£
-




Joint Probability
Distributions (Independent RVS)

Let X and Y be two random variables, discrete or continuous, with joint proba-
bility distribution f(z,y) and marginal distributions g(z) and h(y), respectively.
The random variables X and Y are said to be statistically independent if and
only if

[ y) = glx)h(y)

for all (z,y) within their range.

Let Xy, X9.....X,, be n random variables, discrete or continuous, with
joint probability distribution f(x1,29,...,2,) and marginal distribution
fi(x1), fa(xa), ..., fn(xy), respectively. The random variables X1, Xo,..., X, are

sald to be mutually statistically independent if and only if

f(ry,mo, . o) = fi(zn) fo(w2) - - fr(Tn)

for all (1,29, ....2,) within their range.




Mathematical Expectation

p=E(X)=) af(x) #:E(X):f_mffm da

The variance of a random variable X 1s

0% = E(XQ} — 2.



Mathematical Expectation
(Independent RVSs)

If Xy, Xo,....X,, are independent random variables having normal distributions
with means i1, pta, . .., ji, and variances o3, 03,...,02, respectively, then the ran-

dom variable

Y =a1 X1 +asXo+ - +a, X,

has a normal distribution with mean
fy = Q1ft1 + Agjly - 1 Apfly

and variance

2 2 2 2 2 2 2
G‘-Y = algl —I_{IQJQ + e +angn'



Standard
Normal
Distribution




Table 4.3  Normal Probabedity Table 735
i
Ara
i
Table A.3 Areas under the Normal Curve R
z .00 01 02 .03 04 05 06 07 08 .09
—3.4 00003 00003 00003 00002 00003 00003 00003 00003 00003 00002
=3.3  0.0005  0.0005 00005 00004  0.0004 00004 00004  0.0004 00004 0.0003
—3.2 00007  0.0007  0.0006 00006  0.0006 00006 00006  0.0005 00005  0.0005%
—3.1 00010 00000 00009 00000  0.0005 00008 00008  0.0008 00007 0.0007
—3.0 000132 00013 00013 00012 00012 00011 00011 00011 00010 0.0010
—2.9 00019 00015 00015 00017 0.0016 00016 00015 00015 00014 0.0014
—2.8 00026 00025 00024 00022 0.0023 00022 00021 00021 00020 00019
—27 00035 00034 00033 00032 0.0031 00030  0.0020  0.0028 00027  0.0026
—2.6 00047 00045 0.0044 00042  0.0041  0.0040  0.0029  0.0038 00037  0.0036
—2.5 00062 00060 0.0059 00057  0.0055 0.0054 00052  0.0051  0.0049  0.0048
—2.4 00082 00020 00078 00075  0.0073 00071  0.0060  0.0068 0.0066  0.0064
—23 00107 00104 00102 00009 0.0096 00004 000091  0.0089 00087  0.0084
—2.2 00139 00136  0.0132 00129  0.0125 00122 00119 00116 00113 0.0110
—21 00179 00174 00170 00166 0.0162 0.0158 0.0154 0.0150 0.0146  0.0143
—2.0 00228 0.0222 00217 00212  0.0207  0.0202 00197  0.0192 0.0188 0.0183
—1.9  0.0287 00281 0.0274 00268 0.0262 0.0256  0.0250 0.0244  0.0239 0.0233
—1.8  0.0350 0.0351 0.0344 00336 0.0320 0.0322 0.0314 0.0307 0.0301 0.0204
—1.7 00446 0.0436  0.0427  0.0418  0.0400  0.0401  0.0392  0.0384 0.0375 0.0367
—1.6 0.0548 00537  0.0526 00316 0.0505  0.0405  0.0485  0.0475  0.0465  0.0455
—1.5 0.0668 006565 0.0643 0.0630 0.0618 0.0606 00594 0.0582 00571  0.0559
—1.4 00808 00793 00778 00764 00749 00735 00721 00708 0.0694 0.0681
—1.3  0.0968 0.0051 0.0934 00918 0.0001 0.0885 0.0869 0.0853 0.0838 0.0823
—1.2 0.1151 01131 01112 01093 01075 0.1056  0.1038  0.1020 01003 0.0985
—1.1  0.1357 0.1335 01314 021292 041271 04251 01230 01210 01190 0.1170
—1.0 0.1587 0.1562 01539 01515  0.1492  0.1460  0.1446  0.1423  0.1401  0.1379
—0.9 0.1841 0.1814 04788 04762 01736 01711 0.1685  0.1660  0.1635  0.1611
—0.8 02119 0.2000 02061 02032 0.2005 01977 01949  0.1922  0.1804  0.1867
—0.7 02420 0.2380  0.2358 02327 0.2206 0.2266 02236 0.2206 02177 0.2148
—0.6 02743 02709 02676 02643 02611 02578 0.2546 0.2514 0.2483 0.2451
—0.5 03085 03050 03015 02981 0.2046 0.2912 02877 0.2843 02810 0.2776
—0.4 03446 03400 03372 03336 03300 03264 03228 03192 03156 03121
—0.3 03821 03783 03745 03707 03669 03632 03594 0.3557  0.3520 0.3483
—0.2 04207 04168 04129 04000 04052 04013 03974 03936 03897  0.3859

-0.1
—0.0

0.4602
0.5000

0.4562
0.4960

0.4522
0.4920

0.4483
0.4880
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Table A.3 (contimued) Areas under the Normal Curve
z 00 01 02 .03 .04 05 06 07 08 .09

0.0 05000 05040 05080 05120 05160 0.5199  0.5239  0.5279  0.5319  0.5350
0.1 05395 05438 05478 05517 05657 0.5596  0.5636  0.5675 05714 0.5753
0.2 05793 05832 05871 050910 05048 05987 0.6026 0.6064  0.6103  0.6141
0.3 06179 06217 06255 06203 06331 0.6368  0.6406  0.6443  0.6480  0.6517
0.4 06554 06591 06628 06664 06700 06736 06772  0.6808 0.6844  0.6879

0.5 06015 06950 06985 07019  0.7054  0.7088 0.7123  0.7157 0.7190  0.7224
0.6 0.7257 0.7201 0.7324 0.7357 0.7380  0.7422  0.7454 0.7486 0.7517 0.7549
0.7 0.7580 05611 07642 07673 0.7704 0.7734  0.7764 0.7794  0.7323 0.7852
0.8 0.7831 0.7910  0.7939 07967 0.7005 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8158 0.8186 0.8212 0.8238 0.8264 0.8280 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 08438 08461 08485 08508  0.8531  0.8554  0.8577  0.8500  0.8621
1.1 0.8643 08665 08686 08708 08720 08740 08770 08700 08510  0.8830
1.2 0.8840  0.88609 0.8888 08007  0.8025  0.8044  0.8962 0.8950 0.8007  0.89015
1.3 00032 00040 00066 00082 00095 00115 09131 09147 089162 09177
1.4 00192 009207 00222 00236 008251 00265 009279 00202 009306 0.09319

1.5 00332 08345 008357 089370 08382 0093094 059406 094182 09429  0.9441
1.6 00452 00463 00474 00484 00495 00505  0.09515 009525 00535 0.0545
1.7 0.8554 08564 08573 00582 008501 008588 08608 09616 09625 0.9633
0.09641 09649 009656 09664 09671 089678 09686 09693 09609  0.9706
0.0713 09719 00726 00732 00738 009744 09750 009756 09761  0.9767

1.8
1.9
2.0 09772 09778 09783 009788 08793  0.9798 09803 09808 09812 09817
2.1
2.2

0.0821 00826 00830 00834 00838 00842 009846 0093850 093854 09857

. 0.0861 00864 00868 00871 00875 00878 00881 009884 0089587  0.9800
2.3 09893 09896  0.9805 09901 09004 09906 09909 09911 09913 09916
2.4 059018 009920 00922 090925 009027  0.0020  0.0931 00932 00934 09936

2.5 00038 009040 000941 09943 09045 09946  0.9948  0.09949 090951 0.9952
2.6 09953 059955 09956 09957  0.9950  0.9960 0.9961  0.9962 09963 0.9964
2.7 09065 009966 00967 09068 09060 00070 09971 009972 09973  0.9074
2.8 084974 05975 09976 09977 09977 09978  0.997%9 09979 09980 0.9981
2.9 09081 059932 009952 09983 090984 09954 0.9985  0.9985 09986 09956

3.0 09057 00057 00087 09088 09058 0.0950  0.9930  0.9989  0.9990  0.9990

3.1 084990 05991 09991 09991 09992 09992 09992 09992 09993  0.9993

3.2 090993 00993 00094 090994 00094 0.0004 00994 0.99095 009995 0.9005

3.3 09095 00995 00005 090996 09996 0.9996 0.9996 09906 09996 0.90997
0.0907 09997  0.9997  0.09997 09997  0.9907




Example 6.2

Given a standard normal distribution, find
the area under the curve that lies

(a) to the right of z=1.84 and
(b) between z=-1.97 and z = 0.86.




o] Y ———

1.84

®

Figure 6.9: Areas for Example 6.2.

(a) The area in Figure 6.9(a) to the right of z = 1.84 is equal to 1 minus the area

in Table A.3 to the left of 2 = 1.84, namely, 1 — 0.9671 = 0.0329.

(b) The area in Figure 6.9(b) between z = —1.97 and z = 0.86 is equal to the
area to the left of z = 0.86 minus the area to the left of z = —1.97. From
Table A.3 we find the desired area to be 0.8051 — 0.0244 = 0.7807. 1



Example 6.3:

Given a standard normal distribution, find
the value of k such that

(a) P(Z> k) =0.3015 and
(b) Plk<Z<-0.18) = 0.4197.




0.3015 0.4197|,
k X K ~0.18

(a) (b)

[
[
I
[
[
|
|
|
|
[
[
[
[
I

0

Distributions and the desired areas are shown in Figure 6.10.

(a) In Figure 6.10(a), we see that the £ value leaving an area of 0.3015 to the

right must then leave an area of 0.6985 to the left. From Table A.3 it follows
that & = 0.52.

(b) From Table A.3 we note that the total area to the left of —0.18 is equal to
0.4286. In Figure 6.10(b), we see that the area between k£ and —0.18 is 0.4197,
so the area to the left of £ must be 0.4286 — 0.4197 = 0.0089. Hence, from
Table A.3, we have k£ = —2.37. A



Sampling
Distributions
and Data
Descriptions

CHAPTER 8
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Random Sampling

In this chapter, we focus on sampling from
distributions or populations and study such
important quantities as the sample mean and

sample variance.

A population consists of the totality of the observations with which we are

concerned.

A sample 1s a subset of a population.

Let X¢,X9,....X,, be n independent random variables, each having the same
probability distribution f(z). Define X1, Xo,..., X, to be a random sample of
size n from the population f(x) and write its joint probability distribution as

flry, 2, xy) = flag) f(ag) - - - flag).




Some Important
Statistics

Any function of the random variables constituting a random sample is called a
statistic.

The two parameters u and o? measure the center of
location and the variability of a probability
distribution.

These are constant population parameters and are in

no way affected or influenced by the observations of a
random sample.



Location Measures of a
Sam p I e The Sample Mean, Median, and Mode

Let X, X,, ..., X, represent n random variables.

N
(a) Sample mean: X =-— ;X

T(n+1)/2 1f n 1s odd,

1 a g *
5(Tny2 + Tpjoy1), 1 nis even.

(b) Sample median: 7 = {

(c) The sample mode is the value of the sample that
occurs most often.



Example 8.1

Suppose a data set consists of the following observations:

0.32 0.53 0.28 0.37 0.47 0.43 0.36 0.42 0.38 0.43.

(a) Sample mean: 3.99/10 = 0.399 8:;?
0.36
0.37
(b) Sample median: (0.38+0.42)/2 = 0.4 8.2523
0.43
0.43
(c) The sample mode: 0.43 0.47

0.53



Variability Measures of a

Sample: The Sample Variance,
Standard Deviation, and Range

(a) Sample variance:

1 .
§P=—=) (M= X)°
=1

-
1
o [ (5
(b) Sample standard deviation:

S =/s2

R = Xmax — Xmin

(c) Sample range:



Example 8.3:

Find the variance of the data 3. 4. 5, 6, 6, and 7, representing the number of trout
caught by a random sample of 6 fishermen on June 19, 1996, at Lake Muskoka.

6 6
Solution: We find that " 22 =171, " a; = 31, and n = 6. Hence,

2 _ 1 . 21 _ E

Thus, the sample standard deviation s = /13/6 = 1.47 and the sample range is
7T—3=4. A




Sampling Distributions

The probability distribution of a statistic is called a sampling distribution.




What Is the Sampling
Distribution of X ?

Suppose that a random sample of n observations is taken from a normal
population with mean u and variance o?.

Each observation X; ,i=1, 2, ..., n, of the random sample will then
have the same normal distribution as the population being sampled.

_ 1
XZE(Xl—FXQJr“'—I—Xn)

has a normal distribution with mean and variance

——1( + 1+
X—n# H

n terms n terms

The sampling distribution of Xwi// still be approximately normal with

mean u and variance o?/n, provided that the sample size is large.



The Central Limit
Theorem

Central Limit Theorem: If X is the mean of a random sample of size n taken
from a population with mean ;o and finite variance o2, then the limiting form of

the distribution of
_ X
- o/yn’

as n — 00, is the standard normal distribution n(z:0,1).

A




Example 8.4

An electrical firm manufactures light bulbs that have a length of life that is ap-
proximately normally distributed, with mean equal to 800 hours and a standard
deviation of 40 hours. Find the probability that a random sample of 16 bulbs will
have an average life of less than 775 hours.

Solution: The sa.mplingudistribution of X will be approximately normal, with p = 800 and

ox = 40/4/16 = 10. The desired probability is given by the area of the shaded



region in Figure 8.2,

e )

|

775

(o0}

0
Figure 8.2: Area for Example 8.4.

Corresponding to r = 775, we find that

775800

—2.5
10 ’

Z

and therefore

P(X < 775) = P(Z < —2.5) = 0.0062.



Example 8.5:

Traveling between two campuses of a university in a city via shuttle bus takes,
on average, 28 minutes with a standard deviation of 5 minutes. In a given week,
a bus transported passengers 40 times. What is the probability that the average
transport time was more than 30 minutes? Assume the mean time is measured to
the nearest minute.



Solution: In this case, u = 28 and ¢ = 3. We need to calculate the probability P(X > 30)
with n = 40. Since the time is measured on a continuous scale to the nearest
minute, an r greater than 30 is equivalent to # > 30.5. Hence,

X 28 _ 30.5 28
5/v/40 ~ 5//40

There is only a slight chance that the average time of one bus trip will exceed 30
minutes. An illustrative graph is shown in Figure 8.4. A

P(X >30)=P ( ) = P(Z > 3.16) = 0.0008.

0. T

|

28.0 30.5

Figure 8.4: Area for Example 8.5,
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